Abstract. In this paper we prove every connected, reduced curve in P3 of arithmetic genus 0, may be flatly smoothed. Moreover, we give a new example of a reduced singular curve in P3 which cannot be flatly smoothed.
Introduction. This paper is concerned with the following question: Given a reduced, connected curve IcP3, when is X a degeneration of a smooth curve? More precisely, given such a curve X, when may it be flatly smoothed in P3 to a smooth curve, that is when does it lie on an irreducible component of the Hubert scheme of curves in P3 with generic member a smooth curve?
In §1, we prove if A' is a connected, reduced curve in P3 of arithmetic genus 0, then X may always be flatly smoothed to a smooth irreducible curve.
In §2, we show there exist curves in P3 which cannot be flatly smoothed. An example of such a curve was given by Peskine-Szpiro in [7] . Using the techniques of determinantal schemes they showed that the reducible curve consisting of a line and a nonsingular plane elliptic curve of degree 3 intersecting in one point cannot be flatly smoothed. We give here another example using a completely different technique (namely the Riemann-Roch theorem).
The author wishes to thank Professor Heisuke Hironaka for many interesting conversations on this and many other topics. Notation and terminology, (i) All our schemes will be projective algebraic defined over a fixed algebraically closed field ¿.
(ii) By curve we mean 1-dimensional scheme, by surface 2-dimensional scheme.
(iii) For X a scheme of dimension n,pa(X) = 1 -x(6x) where n x(®x) = 2 (-1)'dim//'(*, 6*).
(v) By flat smoothing of a curve X c P", we mean a flat family % c Pp arametrized by T = Spec(R), R a discrete valuation ring, with the generic fiber of 9C smooth, the special fiber isomorphic to X. This implies that X lies on the same irreducible component of the Hubert scheme of curves in P" as a smooth curve. See [2] for definition and construction of the Hubert scheme.
(vi) Given X eP" a closed subscheme, we let deg(A') = degree of X. (vii) Given divisors Dx, D2 on a nonsingular surface S, we let deg(D, • D2) be their intersection number on S.
(viii) Given a scheme X and a divisor D on X, we let H'(D) = #'(*, ex(D)). Moreover we let h'(D) = dim H'(D).
1. Smoothing reducible rational curves. We begin with the following lemma: Lemma 1.1. Let % <^* P" X T be a flat family of curves over T a k-scheme iwhere the flat map p: % -> T is induced by the projection P"Xi-> T and % is a closed subscheme of P" X T). Let t0 E T be a closed point. Suppose the closed fiber %,o is embeddable in P*(,o) im < n) by generic projection. Then locally around the closed fiber %, , % is embeddable in P" X T.
Proof. Since the question is local, we may clearly assume T = Spec(0rr ). Let M be a generic (n -m -l)-dimensional linear subspace of P£((o) disjoint from %,o which defines the projection of 9C,o into P*^. We claim that 9C n (A/ x T) = 0. Indeed, otherwise % n (A/ X T) would be a closed subset of 9C and since p is proper, this intersection would be mapped to a closed subset of T = Specific, ). This then implies that 9C n (A/ X T) contains points in the closed fiber 9C,o which contradicts the choice of M. Thus M X T defines a projection ir: %->P" X T and m is a finite morphism. Denote P"1 X T by Y and let Y0 be the closed fiber of Y -> T defined by >0 e T. Let y E \0-Then either w-'GO = 0 or ir~\y) = {x) (as a point set) since by hypothesis the projection defined by M is an embedding of %¡o into Pk(,j-Then in the latter case we conclude by Nakayama's lemma that 8 y y -> ©g^ is surjective, which means we can locally embed % as required. Q.E.D. Theorem 1.2. Let X = Xx u X2 be a curve in P3 with irreducible components Xx, X2 such thatpaiX¡) = 0, deg(À",-) = d¡, i = 1, 2, and Xx and X2 intersect in a single point, with distinct tangents at this point. Then X may be flatly smoothed in P3 to a smooth irreducible rational curve of degree dx + d2.
Proof. We will deform over parameter scheme T = Spec(R), R a discrete valuation ring. Denote the fibers of P1 X 7-> T by I*,, T2, where T, is the generic fiber, and T2 is the closed fiber. On the surface P1 X T, choose a divisor D which intersects each T" i = 1, 2, in two points^, j = 1, 2, with y0 E T, such that the intersection number at^,-, is d¿ = deg Xj (j = 1, 2). Thus we have deg(Z) • T¡) = dx + d2 (i = 1, 2).
Next, blow up the surface P1 X 77 at y2x G T2. Let D be the proper transform of D on the blown-up surface S. Then S is fibered over T (the projection P1 x T -+ T induces a morphism p: S -> 7") with generic fiber T\ isomorphic to a projective line, and with special fiber T'2 isomorphic to two projective lines joined at a single point. Note then that D intersects the generic fiber T'x in two points, such that at one of the points D has intersection number dx with T\ and at the other point D has intersection number d2 with T'2. Moreover, D intersects each one of the two projective lines comprising the closed fiber T2 at one point, the intersection number of D with one of the projective lines being dx, with the other being d2. Therefore deg(¿ • Tß = dx + d2,i=l, 2. Now D induces a very ample divisor on each of the fibers T\, T'2. The very ample divisor which D induces on the generic fiber T'x defines an embedding of T\ as a smooth rational curve of degree dx + d2 in a projective space of dimension dx + d2, and the very ample divisor which D induces on the closed fiber T'2 defines an embedding of T'2 in a projective space of dimension dx + d2 with image two smooth rational curves joined at a single point, one curve being of degree dx, the other being of degree d2. We now prove that D is very ample on S and defines an embedding of S into P$+</2. Indeed, let t be a local parameter for R. Consider the exact sequence Proof. We first remark that from the results of [5] , it follows immediately that if X is reduced, connected -witnpa(X) = 0, degiX) = d, then X must be a union Xx u • • • U Xr of smooth irreducible rational curves X¡, such that degiXj) = d¡, d = 2'_, d¡, and such that if X¡ and Xj intersect, then they intersect at precisely one point, with distinct tangents at this point. Moreover, X cannot have any "loops", i.e. there exists no sequence (/'".. ., ik) ik > 1) such that X, n X, ¥> 0, . . ., X¡ n X. ¥= 0, X. n X, ¥= 0. Then from the 2. A reduced curve with no flat smoothing. We now show that not every reduced curve in P3 can be flatly smoothed. We begin with the following classical result which appears in both [4] and [6] . Example 2.2. We now give our example of a reduced curve in P3 with no flat smoothing. Let X = Xx u X2 c P3 be such that Xx is a smooth degree 4 plane curve, and X2 is a line lying in a different plane, and such that Xx and X2 intersect in precisely one point. Then X has degree 5 and arithmetic genus 3. Now since degree and arithmetic genus are preserved by flat deformation (see [3] ), we see by Proposition (2.1) that X cannot be flatly smoothed to an irreducible smooth curve.
Finally, to show that X cannot be flatly smoothed to a smooth reducible curve in P3, we need only show that there are no smooth reducible curves of degree 5, arithmetic genus 3. We have the following two possibilities for Y a smooth reducible curve of degree 5: Case (i). Y = Yx u Y2, Yx a line, Y2 a smooth degree 4 curve (perhaps reducible). Then the maximum possible arithmetic genus for Y2 is 3 (in which case Y2 is a plane curve). Therefore since Yx and Y2 do not intersect, P«{Y) < 2.
Case (ii). Y = Yx u Y2, Yx a smooth irreducible conic, Y2 a smooth degree 3 curve (perhaps reducible). Then/?a(y,) = 0 and pa(Y2) < 1 (the maximum arithmetic genus for a smooth degree 3 curve is 1, the plane curve case). Then pa(Y) < 0, since Yx and Y2 do not intersect.
